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Abstract. The concept of invariance for Parameterised Boolean Equa-
tion Systems (PBESSs), first introduced in [8], is studied in greater detail.
We identify an issue with the associated theory and fix this problem by
proposing a stronger notion of invariance called global invariance. A pre-
cise correspondence is proven between the solution of a PBES and the
solution of its invariant-strengthened version; this enables one to exploit
global invariants when solving PBESs. Furthermore, we show that global
invariants are robust w.r.t. all common PBES transformations and that
the existing encodings of verification problems into PBESs preserve the
invariants of the processes involved. These traits provide additional sup-
port for our notion of global invariants, and, moreover, provide an easy
manner for transferring (e.g. automatically discovered) process invariants
to PBESs. Several examples are provided that illustrate the advantages
of using global invariants in various verification problems.

1 Introduction

Parameterised Boolean Equation Systems (PBESs), introduced in [10,9] and
studied in detail in [8], provide a fundamental framework for studying and solv-
ing verification problems for complex reactive systems. Problems as diverse as
model checking problems for symbolic transition systems [6, 7] and real-time sys-
tems [16]; equivalence checking problems for a variety of process equivalences [2];
and static analysis of code [4] have been encoded in the PBES framework. The
solution to the encoded problem can be found by solving the PBES. Several
verification tools rely on PBESs or fragments thereof, e.g. the uCRL [7] and the
mCRL2 [3] model checkers and the CADP tool-suite [5].

Solving a PBES is in general an undecidable problem, much like the problems
that can be encoded in them. Nevertheless, there are pragmatic approaches to
solving PBESs, such as symbolic approzimation [8] and instantiation [3]. While
these techniques have proved their merits in practice, the undecidability of solv-
ing PBESSs in general implies that these techniques are not universally applicable.

A concept that has turned out to be very powerful, especially when com-
bined with symbolic approximation, is the notion of an invariant for PBESs.
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For instance, invariants have been used successfully in [2] when solving PBESs
encoding the branching bisimulation problem for two systems: the invariants al-
lowed the symbolic approximation process to terminate in a few steps, whereas
there was no indication that it could have terminated without the invariant. As
such, the notion of an invariant is a powerful tool which adds to the efficacy of
techniques and tooling such as described in [7].

An invariant for a PBES, as defined in [8] (hereafter referred to as a local
invariant), is a relation on data variables of a PBES that provides an over-
approximation of the dependencies of the solution of a particular predicate vari-
able X on its own domain. Unfortunately, the theory of local invariants as out-
lined in [8], is not correct for arbitrary equation systems.

We show that using a local invariant can wrongfully affect the solution to a
PBES. We remedy this situation by introducing the concept of a global invariant,
and show how this notion relates to local invariants. Moreover, we demonstrate
that global invariants are preserved by common solution-preserving PBES ma-
nipulation methods, viz. unfolding, migration and substitution [8]. An invariance
theorem that allows one to calculate the solution for an equation system, using
a global invariant to assist the calculation, is proved. As a result of this theorem,
we are able to provide a partial answer to a generalisation of an open problem
coined in [8], which concerns the solution to a particular PBES pattern. Pat-
terns are important as they allow for a simple look-up and substitute strategy
to solving a PBES. Finally, we prove that traditional process invariants [1] are
preserved under the PBES-encoding of the first-order modal p-calculus model
checking problem [7] and the PBES-encoding of various process equivalences [2].

Related Work Invariants are indispensable in any mature verification method-
ology that aims at tackling complex cases, such as networks of parameterised
systems [12, 13], equivalence checks between reactive system [1] and for infinite
data domains in general, such as hybrid systems [14]. Much research effort is
aimed at stretching the limits of verification for specific classes of systems and
properties. Techniques, such as invariants, that are developed for PBESs, on the
other hand, are applicable to all problems that can be encoded in them.

Several works, like [12, 14] focus on the automated and even automatic discov-
ery of invariants for specialised classes of specifications and properties. It is likely
that many of these techniques can be ported to work for specific PBESs as well.
This is supported by our result that demonstrates that process invariants are
preserved under the existing encodings of verification problems. An advantage of
verification using PBESs is that predicates can be identified that are invariants
for the PBES, but that fail to be invariants for the original process(es) involved.
This is because the PBES-encoding also incorporates other information from the
input to the encoded verification problem (see Section 5 for an example).

Structure In Section 2, we introduce PBESs and some basic notation. We recall
the definition of local invariants and introduce global invariants in Section 3,
and use these to show that the accompanying theory for local invariants has
issues, which are resolved by the theory for global invariants. The influence of



solution-preserving manipulations for PBESs on global invariants is investigated
in Section 4, and in Section 5, we investigate the relation between process invari-
ants and global invariants. Two small examples illustrate several aspects of the
developed theory. we present our conclusions in Section 7. Relevant proofs are
collected in the appendices; these are an excerpt of the full paper [11].
Note that the appendices will be omitted in a final version.

2 Preliminaries

In this section, we give a brief overview of the concepts and notations that
provide the basis to the theory in the remainder of this paper. We refer to [8,
11] for a more detailed account.

Predicate formulae. Predicate formulae are part of the basic building blocks for
PBESS; these are basically ordinary predicates extended with predicate variables.

Definition 1. A predicate formula is a formula defined by the below grammar:
pu=blP1 N[ 1V ¢ |Vd:D. ¢[3d:D. ¢ | X(e)

where b is a data term of sort Bool. Furthermore, X€P is a (sorted) predicate
variable to which we associate a data variable dx of sort Dx; e is a data term
of the sort Dx. Data variables are taken from a set D.

The set of all predicate formulae is denoted Pred. Predicate formulae ¢ not
containing predicate variables are referred to as simple predicates. The set of
predicate variables that occur in a formula ¢ is denoted by occ(¢). Note that
negation does not occur in predicate formulae, except as an operator in data
terms; b = ¢ is a shorthand for =bV ¢ for terms b of sort Bool.

Note that we use predicate variables X to which we associate a single variable
dx of sort Dx instead of vectors dx of sort Dx. Note that this does not incur
a loss in generality; it is merely a matter of convenience.

Predicate formulae may contain both bound and unbound data variables.
We assume that the set of bound variables and the set of free variables in a
predicate formula are disjoint. For a closed data term e, i.e. a data term not
containing free data variables, we assume an interpretation function [] that
maps the term e to the semantic data element [e] it represents. For open terms,
we use a data environment € that maps each variable from D to a data value of
the intended sort. The interpretation of an open term e is denoted by [e]e and
is obtained in the standard way. We write e[e/d] to stand for the environment
for all variables different from d, and e[v/d](d) = v. A similar notation applies
to predicate environments. For brevity, we do not explicitly distinguish between
the abstract sorts of expressions and their semantic counterparts.

Definition 2. Let 6 be a predicate environment assigning a function Dx — B
to every predicate variable X, and let € be a data environment assigning a value
from domain D to every variable d of sort D. The interpretation []0e of a
predicate formula in the context of 0 and € is either true or false, as follows:



[0] b= = [ble [¢1 A 2] b = [¢1] O and [¢2] Oe
[X(e)]0e = true iff 0(X)([e]e) [p1 V @2]Oe = [p1]0c or [p2] O
Vd:D. ¢|0c = for all v € D, [¢]8(c[v/d])

[3d:D. ¢]0c = for some v € D, [¢]0(e[v/d])

Definition 3. Let ¢ and i be predicate formulae. We write ¢ —  iff for all
predicate environments 0 and all data environments e, [¢]0e implies [¢)]Oe.

The symmetric closure of — induces a logical equivalence on Pred, denoted «.
Basic properties such as commutativity, idempotence and associativity of A and
V are immediately satisfied.

Predicate Variables and Substitution. A basic operation on predicate formulae
is substitution of a predicate formula for a predicate variable. To this end, we
introduce predicate functions: predicate formulae casted to functions. As a short-
hand, we write ¢4, to indicate that ¢ is lifted to a function (Adx:Dx. ¢), i.e.
bax) € [Dx — Pred], the set of all functions from sort Dx yielding a predicate
formula. The semantics of a predicate function is defined in the context of a
predicate environment 6 and a data environment &:

[p(ax)]0c =aep MEDx. [¢]0elv/dx]

The substitution of ¢4, for a predicate variable X in a predicate formula ¢ is
defined by the following set of rules:

b[thiax)/X] =daes b

[
Y@ao/X] =ar {0 i
(A1 AN D2)[Viay/X] =aer D1[Viax)/ XA G2(Y(axy/X]
(¢1\/¢2)[¢<dx>/X] =def P1[Viax)/X]V d2[P(ay)/X]
(VdiD ¢)F/)(dx)/X} =def VdD ﬂ (dx)/X]

=gef 3Jd:D. (i)?/J(dx)/X}
Ezample 1. Consider the formulae X (f(d)) AY (g(d)) and ¢ := Y (h(dy)). Then

(X(f(d)) NY (g(d))[¥ay) /Y] yields: X(f(d)) A Y (h(g(d))). 0
Property 1. Let ¢, be predicate formulae, and 6, e environments. Then:
[$[v(ax) /XN 02 = [#]0[[(ax)] O /X]e. 0

For convenience, we generalise single syntactic substitutions ¢[¢(4,/X] to finite
sequences of substitutions using the following notation:

Definition 4. LetV = (X1,...,X,) be a vector of predicate variables and let ¢;
be an arbitrary predicate formula. The consecutive substitution ¢ [ x.evPildx,) / Xi]
is defined as follows: /

(b [X1€<>¢z(dx1)/Xz} :def(b

¢ [Xie(Xl,‘..,X,J(m(dxi>/Xi] ~def (¢[¢1(dx1>/X1]) [XiG(Xg,H.,X,J(bi(dXi>/Xi]



When for all ¢;, at most variable X; occurs in ¢; and all variables in (X1,..., X,,)
are distinct, the consecutive substitution ¢ [Xie<X17...,Xn)¢i(dXi>/Xi} yields
the same for all permutations of vector (Xi,...,X,), i.e. it behaves as a si-
multaneous substitution. In this case, we allow abuse of notation by writing

¢ [X,ie{Xl,...,Xn}gbi(dXi)/Xi] :

Parameterised Boolean Equation Systems. A Parameterised Boolean Equation
System (henceforth referred to as an equation system) is a finite sequence of
equations of the form (60X (dx:Dx) = ¢); ¢ is a predicate formula in which the
variable dx is bound by the defining equation for X; o denotes either the least
(1) or the greatest (v) fixed point. We denote the empty equation system by e.

We say an equation system is closed whenever all predicate variables occur-
ring at the right-hand side of an equation occur at the left-hand side of some
equation. An equation system is open if it is not closed. For a given equation
system &, the set bnd(€) denotes the predicate variables occurring in the left-
hand side of the equations of £, and the set occ(€) denotes the set of predicate
variables occurring in the predicate formulae of the equations of £. The solution
to an equation system is a predicate environment, defined as follows:

Definition 5. Given a predicate environment 68 and an equation system E. The
solution [£]6e is an environment that is defined as follows:

[e] O =0
[(0X (dx:Dx) = 6)€]6e = [€] (9] o Xe[Dx — B]. [bax)] ([E10[X/X])e/X )z

Note that the fixed points are taken over the complete lattice of functions
([Dx — B],C) for (possibly infinite) data sets Dx, where f C g is defined
as the point-wise ordering: f C g iff for all v € Dyx: f(v) implies g(v). The
predicate transformer associated to a predicate function [¢(4,)] e, denoted

AXE[Dx — B]. [pray] 01X/ X]e

is a monotone operator 7,8, 6]. The existence of fixed points of this operator in
the lattice ([Dx — BJ,C) follows immediately from Tarski’s Theorem [15].

Note 1. The solution to an equation system is sensitive to the ordering of the
equations: while (uX = Y)(vY = X) has L as solution for X and Y, the equation
system (Y = X)(uX =Y) has T as solution for X and Y. Manipulations such
as unfolding, migration and substitution, however, do not affect the solution to
an equation system [8]. Using the latter two, all equation systems can be solved
(using a strategy called Gaufl Elimination), provided that one has the techniques
and tools to eliminate a predicate variable from its defining equation. One such
methods is e.g. symbolic approzimation, see [8].

3 Invariants for Equation Systems

Invariants for equation systems first appeared in [8]. We first repeat its definition:



Definition 6. Let (6 X(dx:Dx) = ¢) be an equation and let I be a simple
predicate formula. Then I is an invariant of X iff

INg = (ING[UAX(AX)) 4y /X]

The above definition may appear awkward to those familiar only with invariants
for transition systems. It does, however, express what is normally understood as
the invariance property; the unusual appearance is a consequence of the possi-
bility of having multiple occurrences of X in subformulae of ¢. The invariance
criterion only concerns a transfer property on equation systems: an initialisation
criterion is not applicable at this level. The analogue to the initialisation crite-
rion is, however, part of Theorem 2 (see page 8), and Theorems 40 and 42 of [8].
For completeness’ sake, we repeat the latter:

Theorem 1 (See [8]). Let (6 X(dx:Dx) = ¢) be an equation and let I be an
mwvariant of X. Assume that:

1. for some x with X ¢ occ(x), we have for all equation systems € and all n,e:
[(cX(dx:Dx)=1N¢) E]ne = [(6X(dx:Dx) = x) E]ne.
2. for the predicate formula v we have 1 < Y[(I A X(dx)) 4.,/ X]-

Then for all equation systems &y, E1 and all environments n,€:

I[(O'/Y(dy:Dy) = ’(/)) So(O’X(dxle) = d)) 51] ne
= [(0'Y(dy:Dy) = ¢[x(ax)/X]) Eo(0 X (dx:Dx) = ¢) &) 7e. o

A common use of invariants in our setting is in the evaluation of predicate for-
mulae ¢ using a predicate environment that is defined by an equation system &,
ie. [¢] ([€]ne)e. If one can show that ¢ — ¢[(I A X(dx)) 4, ,/X] (the analogue
to the initialisation criterion for an invariant), it suffices to solve the equation
system & strengthened with invariant I to compute whether ¢ holds. However,
this is not sound for equation systems in which open equations appear; these
arise when encoding process equivalences [2] and model checking problems |9,
7]. A second issue is that invariants may “break” as a result of a substitution:

Ezample 2. Consider the following (constructed) closed equation system:

(X (n:N)=n>2AY(n))
(Y (m:N) = Z(n) VY (n+1)) (1)
(uZ(m:N)=n<2vY(n-1))

The simple predicate formula n > 2 is an invariant for equation Y in equation
system (1): n > 2A(Z(n)VY (n+1)) < n>2A(Z(n)V(n+1>2AY(n+1))).
However, substituting n < 2V Y (n — 1) for Z in the equation system Y yields
the equation system of (1):

(X (n:N)=n>2AY(n))
(WY (n:N)=n<2vY¥(n-1)vY(n+1)) (2)
(uZ(m:N)=n<2vY(n-1))
The invariant n > 2 of Y in (1) fails to be an invariant for Y in (2). Worse still,
observe that for (1) we have:



—n22AY(n) < (n22AY(n))n=22AY(n),, /Y], and
— for all &,n,e¢:
[(pY(n:N)=n>2A(Z(n)VY(n+1))) Ene
= [(wY(nN)=(n=1AZ((n))V(n=0AZ(n+1))) & ne.

Note that the above alternative equation for Y was found by means of a three-
step symbolic approximation. Following Theorem 1, equation system (1) should
therefore be equivalent to the following equation system:

(WXmN)=n>2A(n=1AZ(n)V(n=0AZ(n+1)))))
(WY (nN)=Z(n)vVY(n+1)) (3)
(uZ(m:N)=n<2vY(n-1))

The solution to equation system (1) yields An€N. n > 2 for X. In contrast, the
solution to X in equation system (3) is AneN. L. This is a direct violation of
the conclusion of Theorem 1. Theorem 40 of [8] is similarly flawed. O

Example 2 shows that identified invariants (cf. [8]) fail to remain invariants when
substitution is exercised on the equation system, and, more importantly, that
Theorem 1 is not correct for every equation system.

As we demonstrate in this paper, both issues can be remedied by using a
slightly stronger invariance criterion, taking all predicate variables of an equation
system into account. This naturally leads to a notion of global invariance; in
contrast, we refer to the type of invariance defined in Def. 6 as local invariance.

Let f:V — Pred, V C P, be a function that maps a predicate variable to a
predicate formula. We say f is simple iff f(X) is simple for all Xe€V. Note that
the notation f(X) is purely meta-notation; e.g. it is not affected by syntactic
substitutions: f(X)[¢(ay)/X] remains f(X), since f(X) is simple.

Definition 7. The simple function f:V — Pred is said to be a global invari-
ant for an equation system & iff V.2 bnd(€) and for each (6 X (dx:Dx) = ¢)
occurring in &, we have:

FEYAG = (FX) A D) [y (FXD) A Xildx,)) gy /K]

Proposition 1. Let f:V — Pred be a global invariant for an equation system
E. Let W C V. Then for all equations (cX(dx:Dx) = ¢) in &, we have:

FEYAG = (FO)AB) [ (P A Xildx) gy /5] - 0

Corollary 1. Let f be a global invariant for an equation system E. Then f(X
for any X € bnd(€) is a local invariant.

~—

)

O

Note 2. The reverse of the above corollary does not hold: if for all X € bnd(&),
we have a predicate formula f(X) that is a local invariant for X in &, then f is
not necessarily a global invariant. Consider the following equation system:

wX(n:N)=Y(n—1)) (uY(n:N) = X(n+1))

~

X and Y both have n > 5 as local invariants (in fact, any simple predicate is a
local invariant), but (AZ € {X,Y}. n > 5) fails to be a global invariant.



Let pvi(¢) yield the set of predicate variable instantiations in ¢:

pvi(b) =0 pvi(X(e)) ={X(e)}
pvi(Vd:D. ¢) = pvi(¢) pvi(¢1 A d2) = pvi(¢1) U pvi(d2)
pvi(3d:D. ¢) = pvi(¢) pvi(d1 V ¢2) = pvi(h1) U pvi(¢2)

A sufficient condition for a function f to be a global invariant is given below:

Property 2. Let € be an equation system and f:bnd(€) — Pred a simple function;
then f is a global invariant for £ if for every equation (60X (dx:Dx) = ¢) in €

we have f(X) — Ay(e)epvi(¢)(f(Y))[e/dY]' 0

We next establish an exact correspondence between the solution of an equation
system £ and the equation system £ which is derived from & by strengthening
it with the global invariant. Strengthening is achieved by the operation Apply:

Definition 8. Let f:V — Pred be a simple function. Let £ be an equation system
satisfying bnd(E) C V. The equation system Apply (f,E) is defined as follows:

Apply (f¢) €
Apply (f, (06X (dx:Dx) = ¢) &) = (6 X(dx:Dx) = f(X) A ) Apply (f, &)

The correctness of the above-mentioned correspondence relies, a.o., on the fol-
lowing lemma. The main result of this section is Theorem 2, which improves and
corrects Theorem 1; it immediately follows the below lemma.

Lemma 1. Let (6 X(dx:Dx) = ¢) be a possibly open equation. Let f:V — Pred
be a simple function such that

1. occ(p) C V.
2. f(X) N = (F(X) AOI(f(X) A X(dx)) (ayy/X]-

Then for all environments n,e:

MeDx. [f(X)]e[v/dx] A (oX € [Dx — Bl [day)]n[X/X]e)(v)
= MeDx. [f(X)|e[v/dx] A (oX € [Dx — B]. [(f(X)A¢)q,|nl¥/X]e)(v).0

Theorem 2. Let f:V — Pred be a simple function. Let £ be an equation system
and let n1,mn2 be arbitrary predicate environments. If the following holds:

1. bnd(£) Uocc(€) CV and
2. forall X e V:

(a) [f(X) A X(dx)Ime = [f(X) A X(dx)]n2e.
(0) J(X)N = (FX)N) [, (F(Xi) A Xildx,)) a, )/ Xi] -

then we have for all X € V:

[f(X) A X(dx))] (Elme)e = [f(X) A X (dx))] ([Apply (f, E)lnze)e. O



Corollary 2. Let f:V — Pred be a global invariant for an equation system &.
Then for all predicate formulae ¢ with occ(p) CV and all environments n,e:

¢ = & [, (F(X0) A Xildx,)) 4y y/Xi]
implies [¢] ([€]ne)e = [¢] ([Apply (f,E)]ne)e O

This means that for an equation system £ and a global invariant f of £, it does
not matter whether we use £ or its invariant-strengthened version Apply (f, ) to
evaluate a predicate formula ¢ for which the initialisation criterion for invariant
f holds. As another consequence of Theorem 2, we have the proposition below:

Proposition 2. Let £ be an equation system. Let f be a global invariant for €
and assume E contains an equation for X of the form:

(vX(d:D) = f(X)AN N\ Quel:E} .. Qu, e B by = X(gi(d,e},...,e")))
el

where Q; € {V,3} for any j, and for all i, v; are simple predicate formulae and
gi is a data term that depends only on the values of d and e}, ..., e;"". Then X
has the solution f(X). O

In the terminology of [8], the equation above is a pattern which has solution
f(X). This pattern is an instance of a generalisation of the unsolved pattern
of [8]. This pattern appears to be extremely useful in the examples of Section 6.

4 Preservation of Global Invariants under
Solution-Preserving Manipulations

One of the defects of local invariants is that this notion is not robust with respect
to substitution. In this section, we study the robustness of (global) invariants
with respect to most common solution-preserving manipulations, viz. migration,
unfolding and substitution [8].

Theorem 3. Let £ := &) (60X (dx:Dx) = ¢) & &2 be an equation system with
occ(¢) = 0. Let F =&y & (0X(dx:Dx) = @) & be the result of a migration.
If f:V — Pred is a global invariant for £ then f is a global invariant for F. O

Unfolding and substitution [8] involve replacing predicate variables with the
right-hand side expressions of their corresponding equation. The difference is
that unfolding operates locally and substitution is a global operation. The fol-
lowing lemma proves robustness of invariants under replacing variables with their
corresponding right-hand side expressions.

Lemma 2. Let & be an equation system and let f:V — Pred be a global invariant
for €. For any predicate variable X € bnd(£), we denote the right-hand side of
X'’s defining equation in € by ¢x. Then for all X, Y € bnd(E):

FX) N bx[y 4,y /Y]
= (F(X) AN ox [0y (ayy/Y]) [4ev (F(Z) A Z(d2))4,y/7] 0



The above lemma immediately leads to the robustness of invariants under sub-
stitution and unfolding. This is expressed by the following theorems:

Theorem 4. Let £ := &) (60X (dx:Dx) = ¢) &1 be an equation system and let
f:V — Pred a global invariant for £. Then f is also a global invariant for the
equation system F := & (0 X (dx:Dx) = @lday)/X]) 1. O

Theorem 5. Let £ := & (06X (dx:Dx) = ¢) & ('Y (dy:Dy) = ¢) & and
F = g() (O’X(dxle) = ¢[w<dy>/Y]> 51 (O'/Y(dyZDy) = ’(/J) (‘:2 be PBESs. If
f:V — Pred is a global invariant for € then f is also a global invariant for F. O

An interesting observation is that both substitution and unfolding not only pre-
serve existing global invariants, but also may lead to new global invariants. We
illustrate this phenomenon with an example for unfolding.

Ezample 3. Let v X (n:N) = X (n+1) be an equation system. Using unfolding, we
obtain the equivalent equation system v X (n:N) = X (n+2). Clearly, the function
f that assigns to X the predicate formula even(n) is a global invariant for the
latter equation. However, f is not a global invariant for the original equation.
Thus, by unfolding, the set of invariants for an equation system increases. O

5 Process Invariants and Equation Invariants

Linear process equations (LPEs) have been proposed as symbolic representa-
tions of general (infinite) labelled transition systems, the semantic framework
for specifying and analysing complex, reactive systems. In an LPE, the state of
a process is modelled by a finite vector of (possibly infinite) sorted variables,
and the behaviour is described by a finite set of condition-action-effect rules.
The apparent restrictiveness of this format is misleading: parallelism, (infinite)
non-determinism and other operators can often be mapped losslessly onto LPEs.

Definition 9. A linear process equation is an equation taking the form

P(d:D) = Z{ Z caldyeq) = a(fald,eq)) - P(ga(d,eq)) | a € Act}
eq:Eq

where fo:D X Eq, — Dy, go:D X E, — D and c,:D x E, — Bool for each action
label a € Act. D, D, and E, are general data sorts. The restrictions to single
sorts D and E, are again only for brevity and do not incur a loss of generality.

In the above definition, the LPE P specifies that if in the current state d the
condition ¢, (d, e,) holds, for an arbitrary e, of sort E,, then an action a carrying
data parameter f,(d,e,) is possible and the effect of executing this action is that
the state is changed to g,(d, e,). Thus, the values of the condition, action param-
eter and new state may depend on the current state and the non-deterministic
chosen value for variable e,.

Definition 10. Let P be the LPE of Def. 9. A simple predicate ¢ is an invariant
for P iff for all actions a € Act: v A cq(d, eq) — ([ga(d, eq)/d]) holds.

10



Model Checking. In [9, 6], the first-order modal p-calculus (p-calculus for short)
is defined, a modal language for verification of data-dependent process specifica-
tions. The language is a first-order extension of the standard modal p-calculus
due to Kozen. It permits the use of data variables and parameters to capture
the essential data-dependencies in the process behaviour. The grammar of the
calculus is given by the following rules:

¢u=b|X(e)|=¢|dN¢|Vd:D. ¢ |la]¢ | (vX(ds:Dyf :=e). ¢)
az=blale)| ~a|aNa|Vd:D.a

where o is a least or greatest fixed point sign. The meaningful formulae are those
formulae for which every occurrence of a variable X is under an even number of
negations. The semantics of u-calculus formulae is defined over an LTS, induced
by an LPE P, see [9, 6] for details. The global model checking problem P | ¢
and the local model checking problem P(e) = @, where e is an initial value for
the P and @ is a p-calculus formula, can be translated! to the problem of solving
the equation system E(®) [9, 6, 7] resulting from the translation.

Theorem 6. Let @ be a p-calculus formula. Let v be an invariant for the LPE
P of Def. 9. Then (AXebnd(E(®)). ) is a global invariant of E(P). O

The reverse of the above theorem does not hold: if f is a global invariant for
an equation system E(®) for some formula ¢ and LPE P, then f does not
necessarily lead to an invariant for the process P (see the below example).

Ezxample 4. Consider the process that models the rise and fall of a stock value
of a company and may report its current value if asked.

M(v:N) =3 qup-M(v+m)
+ current(v) - M(v)
+ >, nm < v=>down- M(v—m)

Verifying that without decreases, the stock value is always above threshold T
(provided it is so initially), i.e. vX.[-down]X AVn:N.[current(n)](n > T), using
an equation system boils down to solving the below equation system:

vX(u:N)=(¥mN X(v+m)AVvn:N.v=n = n>T
Clearly, X has v>T as an invariant whereas this is not an invariant for M. 0O

Process Equivalences. In [2] various equivalences, such as strong and branching
bisimulation, between two LPEs have been encoded as solution problems of
equation systems. Branching bisimulation is the most complex of the process
equivalences tackled in [2], yielding equation systems vE; pFs, which are of
alternation depth 2. Here, E; and E, are sets of equations obtained from a
syntactic manipulation of the input LPEs.?

! the translation can be found in Appendix D for quick reference.
2 the encoding can be found in Appendix E for quick reference.
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Theorem 7 (See [11]). Let P be the LPE of Def. 9. Assume ¢ is an invariant
for LPE P. We define function f as follows:

Ny if Z € bnd(E})
f(2) = {mca(d, e) ifZe bnd(E;)

Then f is a global invariant for the equation system vE1uEs, resulting from the
encoding of branching bisimulation between P and some second LPE S. a

The remaining encodings in [2] yield similar global invariants, see [11]. The sig-
nificance of the preservation of process invariants under the PBES-encoding of
an equivalence lies in the fact that this helps ensuring that the solution of the
equation system does not relate all unreachable states of the input processes.
Relating unreachable parts of processes is often neither meaningful nor compu-
tationally tractable (in particular for infinite state systems).

6 Examples

To illustrate how invariants typically assist in solving equation systems, we pro-
vide two easily understood examples of verifications using equation systems. The
first example treats the privacy problem of a rudimentary voting protocol; the
second is a mutual exclusion problem for readers and writers.

6.1 Voting Protocol

The voting protocol is given by the LPE E below. The intended votes of partic-
ipants are modelled by variable V| a bitlist; we write V.7 to indicate the vote of
voter i. A high bit represents a yes and a low bit represents a no vote. Registered
voters are maintained in set R and parameters y, n record the number of casted
yes/no votes so far. Voting of a person is modelled by action vote, and it follows
no particular order. The outcome of the vote is published by action outcome.

E(V:L({0,1}, R:2N y, n:N) =
R = () = outcome(y,n) - &
+>,n5 1 € R=vote(i)- E(V,R\ {i},y + Vii,n+ (1 — V.i))

Privacy with respect to an external observer of the voting process is warranted
if this observer cannot tell whether V.i =0 or V.i = 1 for any voter i. Formally,
privacy is guaranteed if process E(l,r,0,0) is strongly bisimilar to E(7 (1), r,0,0),
where list 7(() is an arbitrary permutation of list I. Strong bisimilarity is encoded
using the below equation system (see [2] for the general translation).

(vX(V:£({0,1}), R:2Y, y, n:N, V':£({0,1}), R":2Y, ¢/, n":N) =
(VieN.ie R = (ie R
AX(V,R\{i},y+ Vi,n+ (1 — Vi), V', R\ {i},y + V'i,n' + (1 - V'.i))))
AViN.ie R = (i€ R
AX'(V,R\{i},y+ Vi,n+ (1 —Va), V', R\ {i},y + V'i,n' + (1 = V'4))))
ANR=0<= R =0)AN(R=0 = (y=y' An=n')))
(vX'(V':L({0,1}), R":2Y o/ ,n:N, V:L£({0,1}), R:2Y y, :N) =
X(V,R,y,n, V', Ry, 1))
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E(l,7,0,0) and E(w(l),r,0,0) are bisimilar iff X(I,r,0,0,7(l),r,0,0) is true. A
symbolic approximation of variable X generates a non-converging series of in-
creasingly complex equations expressing constraints on subsets of R, meaning
that we cannot compute the general solution to X.

The equation system encodes the strong bisimulation relation between two
processes E, i.e. both reachable and unreachable states of the two processes F
will be related in the solution to X. However, we are interested only in the answer
to X(1,7,0,0,7(l),r,0,0). We state the following three predicate formulae:

— 11 := R = R’ formalises that any difference in the set of voters is noticeable
by an external observer,

— 1y := y+n =y +n formalises that the total number of expressed votes
should be the same in both protocols,

— 3=y + g Vi =y + > ,cp Vi formalises, a.o., that we are dealing
with permutations.

Let ¢ := t1 A 12 A tg; from Property 2, we immediately conclude that ¢ is an
invariant for X and X’. Note that ¢ is a tautology when instantiated with the
initial values due to the verification problem E(I,7,0,0) = E(=(l),,0,0). So,
without affecting the answer to our verification problem, we can strengthen the
equations for X and X’ with «. The variable X', appearing in the equation for
X can be removed by a substitution. We observe that for equation X:

(ANR=0<=R=0)AN(R=0 = (y=y' An=n'))) <=1

We find that the equation for X is of the form of Proposition 2; it therefore has
solution ¢. Since X (,7,0,0,7(1),r,0,0) holds, privacy is indeed guaranteed.

6.2 Readers-Writers Mutual Exclusion

We consider a standard mutual exclusion problem between distributed readers
and writers. A total of N > 0 (N is some arbitrary value) readers and writers
are assumed.

P(np,ng,tN)=t>1=r;- P(n, + 1,n4,t — 1)
+n.>0= 1. P(n. — 1,ny,t+1)
+t>N= ws-P(ng,ny,+1,t—N)
+ Ny > 0= we - P(nyp,ny — 1,6+ N)

Here the actions ry and w,s express the starting of reading and writing of a
process. Likewise, the actions r, and w, model the ending of reading and writing.

Mutual exclusion between readers and writers holds when:

1. No writer can start if readers are reading: vX.[T]|X A[rg]vY.([-re]Y Aws]L).
2. No reader can start if writers are busy: vX.[T]X A [w, VY. ([~we]Y A[rg]L).
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We only treat the first property; proving the second property follows the same
reasoning. The equation system that encodes the first property is given below:

WX (np,nw, tN) = ((t > 1 = (X(ny + 1,0y, t — 1) AY (np + 1,04, — 1))
ANn. >0 = X(n,—Lng,t+1))ANt>N = X(n,,n,+1,t—N))
ANy >0 = X(n,,ny, — 1, t+ N))))
WY (ne,np, tN) =t < NA(t>1 = Y(n, 4+ 1,ny,t —1))
Ay >0 = Y(n,,ny, — 1,t+ N)))

With standard techniques, Y can only be solved using an unwieldy pattern [8],
which introduces multiple quantifications and additional selector functions; sym-
bolic approximation does not converge in a finite number of steps. The use of
invariants is the most appropriate strategy here. An invariant of process P is
t = N—(n,+mny-N), which, by Theorem 6 is also a global invariant for the equa-
tions X and Y. Furthermore, n,, > 1 for Y and T for X is a global invariant. Both
X and Y can be strengthened with the above invariants. The simple predicate
formulat < N follows from t = N—(n,+mn,-N)An, > 1; we can therefore employ
Proposition 2 and conclude that Y has solution t = N — (n, + ny, - N) An, > 1.
Substituting this solution for Y in X, using Proposition 1 to simplify the result-
ing equation, we find the following equivalent equation for X:

WX (np,ny, tN) = (t>1 = (X(ny + 1,ny,t —1)))
ANnp>0 = X(n, — Ling,t+1))AE>N = X(ng,ny,+1,t—N))
Ay >0 = X(np,ny — Lt + N))At=N — (n, +ny - N)))

Another application of Proposition 2, immediately leads to the solution ¢ =
N — (n, +ny - N) for X. Thus, writers cannot start writing while readers are
active if initially the values for n,.,n,,t satisfy t = N — (n,. + n,, - N).

Mutual exclusion can also be expressed by a single p-calculus formula with
data variables; then invariants linking process and formula variables is required [11].

7 Closing Remarks

Techniques and concepts for solving PBESs have been studied in detail [8].
Among these is the concept of invariance, which has been instrumental in solv-
ing verification problems that were studied in e.g. [8, 2]. In this paper, we further
studied the notion of invariance and show that the accompanying theory is flawed
for PBESs in which open equations occur. We have proposed a stronger notion
of invariance, called global invariance, and phrased an invariance theorem that
remedies the issues of the invariance theorem of [8]. We moreover have shown
that our notion of invariance is preserved by three important solution-preserving
PBES manipulations. This means that, unlike the notion of invariance of [8],
global invariants can be used in combination with these manipulations when
solving equation systems. As a side-result, we obtain a partial answer to an
open question, concerning a specific pattern for PBESs, first put forward in [8].

We continued by demonstrating that invariants for processes automatically
yield global invariants in the PBESs resulting from two standard verification
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encodings, viz. the encoding of the first-order modal p-calculus model checking
problem and the encoding of branching bisimulation for two (possibly infinite)
transition systems. This means that in the PBES verification methodology, one
can take advantage of established techniques for checking and discovering process
invariants. We conjecture that many such techniques, see e.g. [12,13], can be put
to use for (automatically) discovering global invariants in PBESs. Additional
research is of course needed to substantiate this conjecture.

Acknowledgements. The authors would like to thank Jan Friso Groote for valu-
able feedback.
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The appendices contain extra details, lemmata and proofs for the
main theorems and propositions in the main paper. These will not be
included in the final version of the paper but are included to facilitate
assessing the validity of the results in the paper. An extended version
of this paper, containing all proofs and additional results, is due to
appear as a technical report [11].

A Substitution and Logical Equivalence

We have the following lemmata dealing with syntactic substitutions and logical
equivalence. Apart from the additional insight into the subtle interactions be-
tween logical equivalence and substitutions one gains through these lemmata,
they provide the necessary foundation for most of the proofs and theorems in
the remaining sections. Property 1 is at the basis of the proofs of these technical
lemmata; for full proofs we refer to [11].

Lemma 3. Let 9, p, x be arbitrary predicate formulae. Then:
Ve p o implies  x[Wiay)/X] < xlpiax) /X

Lemma 4. Let i, p, x be arbitrary predicate formulae. Then:
¢ o p implies YX(ax)/X] < plX(ax)/X]

Lemma 5. Let ¢,1 and p be arbitrary predicate formulae. Then:
(@[ ax)/ XDIptax)/X] = Qo /X] 4y /X

Lemma 6. Let ¢, 1, p be arbitrary predicate formulae. If X ¢ occ(p) and X #
Y, then

@i/ XD o) /Y] = Doty YD Wlpiayy/¥] o/ X].

B Proofs for Section 3

We only provide the proofs for Proposition 1, Lemma 1 and Theorem 2; the
remaining proofs and further detail can be found in [11].

Proposition 1. Let f : V — Pred be a global invariant for an equation system
E and let W C V. Then for every equation (60X (dx:Dx) = ¢) in £, we have:
FX) NG = (FX)A6) [y oy (FXD) A Xidx)) ay /X (4)

Proof. Let f:V — Pred be a global invariant for £. Let (6 X (dx : Dx) = ¢) be
an arbitrary equation in £. We prove the following property for all W C V:

FXO NG = (FX)ND) [, e (F(Xi) A Xi(dx,))ay,y/ Xi]

We use induction on the size of the set W.
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1. Base case: W = ). Then (f(X) A ¢) [XiGW(f(Xi) /\Xi(dXi))(dx)/Xi] is
defined as f(X) A ¢. By reflexivity of «<», we find that the property holds for
W = 0.

2. Induction: assume that for W C V we have:

FXAG = (FX)AG) [y oy (X A Xildx)) gy /X)) (IH)
Assume that X; ¢ W. Then:

(f(X)N) [Xiewu{xj}(f(Xi) A Xz‘(dxi))<dxi>/Xz‘]
— {Property of consecutive substitution }
(FX)ND) [, ew (F(X0) A Xi(dx,)) gy 1/ Xi] )
[(F(X5) A X5(dx;)) g,/ i
— {Lemma 4 and (IH)}
((FX) A 6)) [0 A Xy (dx,) /%]
— {Lemma 4 and f is a global invariant }
(FX)N D) [, ey (F(Xi) A Xildx,))ay,y/Xi] )
[(f(X5) A X5(dx;)) g, /i)
— {Property of consecutive substition}
((FX) A D) [y evnxy (PO A X))y /]
[(FX5) A X)) g, /XD [(F(X5) A X5 (dx)) g, /5]
— {Lemma 5}
(FX) N D) [x, e ;7 (FXD) A Xi(dx,)) ay, )/ Xi]
[(F(X5) A J(&G) A X(dx,)) g, /X))
— {idempotence of A}
(f(X) N 9) [Xiev(f(Xi) N Xi(dXi))<dXi>/Xi:|
[(F(X5) A X5(dx;)) g, o/ Xi1)
— {Property of consecutive substition; f is a global invariant}
F(X)N o
O

To facilitate the proof of Theorem 2, we rely on the following auxiliary lemma.
The proof of this lemma is contained in [11].

Lemma 7. Let ¢ be an arbitrary predicate formula. Let f be a simple formula
satisfying: f(X) N ¢ < (F(X) A @) [y o (f(Xi) /\Xi(dXi))(dXi>/Xi] , where
f:V — Pred with occ(¢) C V. Then for all environments ny,1m9,€:
WeV: [(f(Y)AY(dy)]me = [(fY)AY(dy))]n2e
implies
[(f(X) A @)lme = [(f(X) A d)ln2e

Lemma 1, which we repeat below, relates the solution to an equation that is
strengthened with its local invariant (derived from a global invariant) with the
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solution to the original equation. The proof is directly at the level of the seman-
tics of an equation and employs transfinite approximation.

Lemma 1. Let (6 X(dx:Dx) = ¢) be a possibly open equation. Let f:V — Pred
be a simple function such that

1. occ(9p) CV
2. F(X) N ¢ = (F(X) A (X) A X(dx)) (ay)/X]

Then for all environments n,e:

eDx. [f(X)]elv/dx] A (0X € [Dx — Bl. [baxlnl¥/X]e)(v)
weDsx. [f(X)]lv/dx] A (X € [Dx — Bl. [(F(X) A 6) 0%/ X]o) ()
Proof. We prove this lemma by a transfinite approximation. So, we let X, be
the a-th approximation for X € [Dx — BJ. [¢(a,)]n[X/X]e) and X, be the

a-th approximation for cX € [Dx — B]. [(f(X) A @) 4, \]n[X/X]e, where o is
an ordinal, and we show that

MEDx. [f(X)]e[v/dx] A Xa(v) = WeDx. [f(X)]e[v/dx] A Xa(v)

We find:

— For a = 0, we must distinguish between ¢ = v and ¢ = u. If ¢ = v, it holds
that Xo = Xg = M\ € Dx. T. For ¢ = p we find that Xg = Xo = \v €
Dx. 1. From both cases, it follows that AveDx. [f(X)]e[v/dx] A Xo(v) =
MWeDx. [f(X)]e[v/dx] A Xo(v)

— For @ = 3+ 1 a successor ordinal, we assume the following induction hy-
pothesis:

MWEeDx. [f(X)]elv/dx] A Xp(v)
MEDx. [f(X)]elv/dx] A Xa(v)
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Next, we continue:

MeDx. [f(X)]e[v/dx] A Xg41(v)
= {By definition of approximation}

MeDx. [f(X)efv/dx] A [B]n[Xs/X)elv/dx]
= {Semantics; f is a simple function}

weDx. [(f(X) A @)ln[Xp/X]e[v/dx]
= {Assumption on f)}

MeDx. [(F(X) A )[(F(X) A X(dx))ayy/ XN 1lXa/X)elv/dx]
= {Property 1: syntactic vs. semantic substitution}

MeDx [(f(X) A d)]

([ X/ XD (X) A X(dx)) g 111X s/ Xelv/dx] [ X])e[v/dx]

= {Semantics; f is a simple function; simplification of environment}

XoeDx. [(£(X) A @) nhweDx. [F(X)] nefw/dx] A Xg(w)/X]e[o/dx]
= {Application of (IH)} B

MeDx. [(f(X) A @) nhweDx. [f(X)] nelw/dx] A Xa(w)/Xelo/dx]
= {Semantics; f is a simple function; rewriting environment 7}

XeDx . [(f(X) A ¢)] B

(X g/ XD (X) A X(dx)) ()]0l X s/ X]e[v/d] [ X])elv/dx]

= {Property 1: semantic vs. syntactic substitution}

MeDx. [((X) A B)(F(X) A X(dx)) ay/ X0 Xs/ X Jelv/dx]
= {Assumption on [}

AveDx [(f(X) A ¢)ln[Xp/X]e[v/dx]
= {By definition of approximation}

MeDx. [f(X)]I 6[1)/(1)(} AN Xﬁ_H(’U)

— For « a limit ordinal and o = p, we find:

MWeDx. [f(X)]e[v/dx] A Xa(v)
Xl

NeDx [F(XNlv/x] AV Xole)
AeDx. 5\</a [f(X)]elv/dx] A Xp(v)
D \weDy. V [f(X)]efv/dx] A Xs(v)
MeDx. [ﬁf&)] “lofixln V. X5(v)

MeDx. [f(X)]ev/dx] A Xa(v)

The case for o = v goes along the same lines. a

The formal correspondence between the solution of an equation system £ and
the equation system Apply (f,£) is given by Theorem 2. We repeat this theorem
below, together with its proof.

Theorem 2. Let f:V — Pred be a simple function. Then, for all equation sys-
tems € and for all environments n1 and ng, if the following conditions are met:

1. bnd(€) Uocc(€) CV and
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2. forall X € V:

(a) [F(X) A X(dx)lme = [F(X) A X (dx)]nae
(0) FX) A6 = (FX) A D) [y oy (F(X0) A Xildx,) gy o/ Xi]

then we have for all X € V:

[f(X) A X(dx))] ([E]me)e = [f(X) A X(dx))]([Apply (f,E)ln2e)e ()
Proof. Let f:V — Pred be a simple function. We use induction on the size of £.

1. Suppose £ = €. In that case the conclusion of the theorem follows immedi-
ately from assumption (2a).

2. Let € be of the form (6X(dx:Dx) = ¢) & for some X ¢ bnd(E’). We
assume as our induction hypothesis that for all environments 7} and 7}, if
the following conditions are met:

(a) bnd(&") Uocc(&) CV and
(b) forall Y € V:

L [f(Y)AY(dy)lnie = [f(Y) AY (dy)]nae

i (V) Ao (FV)A6) [, (FX) A Xildx) g/ X]
then for all Y € V, we have

[FO) AY (dy) ([ETme)e = [F(Y) AY (dy) ([Apply (f,€7)]moe)e

Assume that the following holds:
(a) bnd(&)Uocc(€) CV and
(b) forallY € V:
L [f(Y)ANY(dy)lme = [f(Y) AY (dy)]n2e
i. fV)Nd = (F(Y)AG) [y, e (F(Xi) A Xildx,))ay,y/Xi]
We must show the below equivalence for all Z € V:

[£(Z) A Z(d2)]([€lme)e = [f(Z) N Z(dz)] ([Apply (f,E)]n2e)e (6)
Let Z € V be an arbitrary predicate variable. We continue as follows:

[£(Z) A Z(dz)] ([€]me)e
= {Definition of [E]ne}
[f(Z) N Z(dZ)] ([€TmoX € [Dx — B [¢ax)] ([€Tm[X/X]e)/X]e)e

Likewise, we derive:

[£(Z) A Z(dz)] ([Apply (f, E)n2e)e
= {Definition of [Apply (f,&)]nee}
[£(Z) n Z(dz)] ([Apply (f,&")]
IloX € Dy — B]. [(F(X) A 8) uy] ([ApBly (£, € malX/X]2)/X]e)=

From our assumption that bnd(€) U occ(€) C V, we immediately obtain
bnd(£) U occ(&') C V, so for all Z # X, equation (6) follows from our
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induction hypothesis and assuming that it holds for Z = X. For the latter,
i.e. for Z = X, we must demonstrate that:

[F(X) A X (dx)] ([ETmloX € [Dx — B [(a)] ([ETm[X/X]e)/X]e)e

[F(X) A X (dx)] ([Apply (f,€")]
ne[oX € [Dx — Bl [(f(X) A @)yl ([Apply (f,ENna2[X/X]e)/X]e)e

An application of the definition of semantics for predicate formulae, taking
into account that f is a simple function, yields the equivalent equivalence:

[f(X)]eA(oX € [Dx — B]. [¢ax] ([€Tm[x/X]e))([dx]e)

) [f(X)]e A (cX € [D — B (7)
[(£CX) A D) ay) (APl (£, €N mlX/X]e)) ([dx]e)

Using Lemma 1 and our assumptions, we find:

[f(X)]e A (o0& € [Dx — Bl [bax)] ([€Tm[¥/X]e))([dx]e)

[f(X)]e A (o0& € [D — B [(f(X)A @) g ([ETm[X/X]e))(ldx]e)
Using Lemma 7, our assumptions and the induction hypothesis, we find:

[f(X)]e A(oX € [Dx — B [(f(X) A @) )] ([€Tm[X/X]e))([dx]e)

[f(X)]e A (X € [D — B.
[(f(X) A D) ay] ([APPly (f,ENn2[X /X]e))([dx]e)

By transitivity of equivalence, we find that equivalence (7) holds. O
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C Proofs for Section 4

We only provide the proof for Lemma 2, which we first repeat here:

Lemma 2. Let £ be an equation system and let f:V — Pred be a global invariant
for E. For any predicate variable X € bnd(E), we denote the right-hand side
of X'’s defining equation in € by ¢x. Then, for all predicate variables X, Y €
bnd(&):

F(X) A ox by (ay)/Y]
= (F(X) A Ox[0v ayy/Y]) ey (F(Z) N Z(d2)) 14,/ 7]

Proof. We calculate, using properties proved previously, starting from the right-
hand side of the desired equality:

(f(X) A dx[Dy (ayy/Y]) [zev(f(Z) A Z(dZ))(dZ)/Z]
=V =WV \{YHu{y}}
(f(X) N ox[dy (ayy/Y])
ey (FE) A 2(d2)) 0y /2] ) [(FY) A Y () /Y]
— {distributivity of substitution over A, f is simple;}
{Lemma 6 successively applied to all Z € V' \ {X}; Lemma 3}
(FX) Adx Lyepn vy (F(2) A 2(d2)) 0y)/2]
0¥t Lyevr vy (D) A 2(d2)) gy /2] [YDIFY) AY () /Y]
— {distributivity of substitution over A, f is simple;}
{Lemma 5, (V\{Y}Hu{Y} =V}
(FX) A DX Ly iyy (H(Z) A 2(d2) /7))
[0y (ay) [pev (F(Z) AN Z(d2))4,,/2]) Y]
— {Proposition 1, Lemma 3}
(fX) N ox [(f(Y)AY(dy))gy,/Y])
(DY (ay) [zev(f(z) A Z(dz))<dz>/Z] /Y]
— {distributivity, f is simple, Lemma 5}
(FOO N 6x) (Y A by 0y [ (F(2) A 2002)0,0/2] ) 1Y
« {Proposition 1, Lemma 3}
(fX) N ox)(f(Y) A by (ayy)/Y]
— {Lemma 5}
(fX) N ox)[(f(Y)AY (dy)) (ayy /Y[y (ay) /Y]
< {Proposition 1: (f(X) A ox)[(f(Y) AY(dy)) g, /Y] = F(X) AN ox}
{distributivity, f is simple}
FX) N bx[oy 4,y /Y]

O

The robustness of global invariants with respect to substitution and unfolding
follows from here.
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D Encoding of the u-Calculus

Table 1. Inductive translation scheme for encoding the problem P = &, where & =
oX(ds:Dy := ey). ¢ into the closed equation system E(®). The LPE P is as given in
Def. 9. We have P(ep) = @ iff X (ep, ef) holds for all e, and ejy.

E(b) =€

E(X(e)) =€

E(¢1 @ ¢2) = E(¢1) E(¢2)

E(Qd:D.0) — E(¢)

D) — B()

E((a)0) —E(9)

E(oX(ds:Dy = e). ¥) = (60X (d:D, dy: Dy, Pary(X, ) = RHS4(v)) E(¢)

RHS(b) =b

RHSs(X (e)) = X(d, e, Pary(X,®))

RHS4 (61 & ¢2) — RHS,(61) © RHSs(62)

RHS4(Qd:D.¢) = Qd:D. RHS4(v)

RHSs([a]9) = Nacact Vea:Da (ca(d,eq) A match(a(f(d,eq)), @)
 (RHSs(6)[ga(d, ea) /)

RHSs ({(a)¢) = Vaeuaer 3€a:Da (ca(d,eq) A match(a(f(d,eq)), @)

5 A (RHS¢(¢) [ga (d, ea)/d]))
X(d, e, Par[] ()(7 @))

RHS¢(0’X(df:Df = e). ¢)

match(a(v),b) =b

match(a(v), a(d)) =v=d

match(a(v), a’(d)) =1

match(a(v), —a) = —match(a(v), &)

match(a(v), a1 A az) = match(a(v), @1) A match(a(v), az)
match(a(v),Vd:D. «) = Vd:D. match(a(v), «)

Parl(X, b)
Par;(X, X (e))

Pari(X, ¢1 © ¢2) = Par; (X, ¢1) ++ Pari (X, ¢2)
Par;(X,Qd:D. ¢) = Pary;.p)1,(X, 9)
Par;(X, [a]9) = Par(X, ¢)
Par; (X, (a)9) = Pari(X, ¢)

l ifZ=X
Par;(X,0Z(ds:Dy :=€). ¢) = {1:>ar[df:Df]_H_l(X7 ¢) otherwise
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E Encoding of Branching Bisimulation

We assume a specification S and an implementation M given by the following
LPEs, where Act,; =gef Act U{T}:

M(d:D) =>1 XE: co(d,e) = a(f,(d,e)) - M(ga(d,e)) | a € Act,}
S(d"D") =3{ 3 cy(de) = a(f,(d,e))-S(g,(d'€)) | a € Act;}

. !’
e:E/

The largest branching bisimulation relation that relates states of M to S and
vice versa, can be found by solving the equation system vFE; uFs of Table 2,
and therefore also the problem whether M is branching bisimilar to S for given
initial states of M and S.

Table 2. Branching bisimilarity between M and S encoded as the equation system
Z/El/AEQ.

Ey :={(X(d:D,d:D")= A ((Ve:E. cqo(d,e) = Ya(d,d',e))
a€Act,
AVe:E'. ci(d,e) = Y, (d',d,e)))),
(X'(d':D',d:D) = X(d,d"))}

Es :={(Yo(d:D,d:D’,e:E,) = (3" :E;. ¢ (d',e') ANYa(d, gr(d', '), e))
V(X (d,d) A3e":E,. co(d,e') A fald,e) = fo(d,e)
AX (g (d ), g, (d'- '),

(Y-(d:D,d:D',e:E.) = (3e":E;. c.(d',e') ANY.(d, g, (d', €),e))
V(X(d?d/) (X (g‘r (d,e), l)
VLI () N X (9,(d,€), g1 (&', )))),
(Yq(d":D',d:D,e:E) = (He ET CT( e )NY, ( ( e'),e))
V(X'(d',d) AN3e':Eq. ca(d,e’) A fold, e ) fa(d' e)
AX (gL (&', ), ga(ds'))),
(Y/(d":D',d:D,e:E,) = (Ie':E;. c.,(d eYNYL(d, g-(d,e),e))
V(X'(d',d) A (X' (gr(d' e), d))
V(e :E-. c-(d,€) /\X (g-(d',€e),9-(d,€))))) | a € Act}
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